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Abstract— Numerous experimental data show that human brain can
represent probability distributions and perform Bayesian inference. However, it remains unclear how the brain implements probabilistic inference
in the form of neural circuits. Several models have been proposed that
aim at explaining how the network of neurons carry out maximum a
posterior inference (MAP) estimation and marginal inference, but they
are all task specific in that they treat MAP estimation and marginal
inference separately. In this brief, we propose that human brain could
implement MAP estimation and marginal inference in the same network
of neurons. We illustrate our result in hidden Markov models and
prove that a recurrent neural network (RNN) implementation of belief
propagation can be tuned to perform approximate Bayesian inference (to
provide posterior or conditional distribution over the latent causes of
observations) or identify the MAP or peak of the joint distribution.
The key tuning parameter is a temperature parameter that controls
the precision of probability distributions that are optimized. Theoretical
analyses and experimental results demonstrate that RNNs can carry out
near-optimal MAP estimation and marginal inference.

Index Terms— Maximum a posterior inference (MAP) estimation, marginal inference, networks, recurrent neural, hidden
Markov models.
I. I NTRODUCTION

N

UMEROUS experimental data suggest that the brain is able to
represent probability distribution and perform Bayesian inference [1]–[3]. This holds especially for sensory processing [4], [5],
motor control [6], [7], and cognitive reasoning [8]–[10]. Although
from a macro point of view, probabilistic graphical models, such as
Bayesian networks and Markov random fields, have been found to be
successful in modeling the inference of human brain [1], [3], [11],
how probabilistic inference might be carried out by the network of
neurons in the brain is still an open question.
Computational neuroscientists and computer scientists have started
to shed light on the relationship between inference equations and
dynamics of neural circuits. There have been many proposals for
the process theory of Bayesian inference in the brain [12]. A process
theory is a theory of the neuronal processes that could implement the
belief propagation (BP) (for discrete state space models) [13], [14]
or Bayesian filtering for continuous state space models) [15]–[17].
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We will focus on discrete latent states, in the form of a hidden
Markov model (HMM) or Markov decision process. In this context,
variational formulations of BP speak to the biological plausibility
of recurrent neural networks (RNNs) as for real neuronal processing [18]. These formulations suggest that neuronal depolarization can
be associated with the log probability over latent causes of sensory
data, while neuronal firing encodes the expected states of the world
generating those sensory samples. From the perspective of inference
problem, all these work can be divided into two classes: maximum a
posterior (MAP) estimation and marginal inference. Here we review
these work as follows.
A. MAP Estimation
The goal of MAP estimation is to find the values of all unobserved
variables that maximize a posterior distribution given observation
variables. There has been considerable results on implementing
BP with neural circuits. Inspired by the experimental evidence
that neurons can encode logarithm of probability [19], Ming and
Hu [20] proposed to implement BP of Markov random fields with
likelihood neurons, belief neurons, and message neurons. Taking
another approach, Litvak and Ullman [21] designed the neural
circuits for summation and maximization operations, which were
the basic computation units in BP for MAP estimation. Thus, they
could implement MAP estimation for arbitrary probabilistic graphical
models by expanding neural circuits.
B. Marginal Inference
The goal of marginal inference is to compute the posterior or conditional probability distribution of some variables from a joint distribution through the summation over all other variables. Rao [22]
proved that the marginal inference equation of BP for HMMs is
equivalent to the dynamic equation of RNNs, which means that RNNs
can implement marginal inference for HMMs directly. Similarly, Ott
and Stoop [23] built the relationship between the inference equation
of Markov random fields and the dynamic equation of Hopfield
networks, in which all the neurons should have specially initialized
messages. Yu et al. [24] went further to overcome this unreasonable
assumption and came up with a more precise equivalence relation.
As we know, the previously proposed circuits are task specific as
they treat marginal inference and MAP estimation separately, which
is contrary to the general-purpose computing principle of the human
brain. As suggested by Ma and Rahmati [25], the human brain can
perform general-purpose inference for a large palette of related tasks
with only minor adjustments. It is still unclear whether the human
brain could implement marginal inference and MAP estimation in the
same neural circuit. To the best of our knowledge, we are the first to
try to answer this question. We illustrate our results in HMMs and
prove that, with Nesterov’s smoothing strategy [26], the inference
equation of MAP estimation can be converted to a variant of marginal
inference equation. The difference lies in that a temperature parameter
is used to shape the distribution, in the sense that marginal inference
is a flattened version of MAP estimation with high temperature.
Thus, we can unify MAP estimation and marginal inference into the
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Fig. 2.
Fig. 1.

Recurrent neural network.

III. N EURAL I MPLEMENTATION OF B OTH MAP E STIMATION
AND M ARGINAL I NFERENCE

same dynamic equation, which is in accordance with that of RNNs.
We specify how RNNs can perform unified MAP estimation and
marginal inference and illustrate the results with the experiments of
synthetic data and visual orientation estimation.
The rest of this brief is organized as follows. Section II briefly
reviews RNNs and HMMs. In Section III, we unify MAP estimation
equation and marginal inference equation into the dynamic equation
of RNNs. We show the experimental results in Section IV and
conclude in Section V
II. P RELIMINARIES
In this section, we briefly review RNNs and HMMs.
A. Recurrent Neural Networks
A RNN is a ubiquitous motif of cortical microcircuits, which
can perform the same cognitive tasks as animals [27]. Furthermore,
it also has been successfully used in natural language processing and
nonlinear optimization [28]–[30]. As shown in Fig. 1, the dynamic
equation of a RNN can be described as [31]
du
= −u + W I + Mu
(1)
τ
dt
where I denotes the input currents of the network and u denotes
the membrane potentials of the recurrently connected neurons in the
network. W is the feedforward weight matrix and M is the recurrent
weight matrix. τ denotes the time constant of the network.
B. Hidden Markov Models
A HMM is a simple dynamic Bayesian network [32], [33], which
captures the relationship between hidden variables and observation
variables over time t (see Fig. 2). The latent state sequence Y =
{y1 , y2 , . . . , yt } is a first-order Markov chain in which the conditional
distribution of the current state p(yt |y1 , y2 , . . . , yt −1 ) only depends
on the previous latent state yt −1 , that is, p(yt |y1 , y2 , . . . , yt −1 ) =
p(yt |yt −1 ). The observation sequence X = {x1 , x2 , . . . , xt } is
governed by the latent state sequence and each observation xi (i =
1, 2, . . . , t) only depends on the corresponding latent variable yi .
The latent states are discrete states and that the observation sequence
can be discrete or continuous (as we will see later). Thus, the joint
distribution of HMM can be written in the form
p(x1 , x2 , . . . , xt , y1 , y2 , . . . , yt )
 t
 t


p(yn |yn−1 )
p(xn |yn ).
= p(y1 )
n=2

Hidden Markov model.

In this section, we will present how RNNs can implement
both MAP estimation and marginal inference for HMMs. We first
formulate MAP estimation and marginal inference equations into
two dynamic equations, respectively, and then, we unify them
into the same equation by introducing a temperature parameter T .
Finally, we prove that this equation is equivalent to the dynamic
equation of RNNs.
A. MAP Estimation With Dynamic Programming
Here we will rewrite MAP estimation equation into a
=
dynamic equation. As p(y1 , y2 , . . . , yt |x1 , x2 , . . . , xt )
holds
for
arbitrary
(1/Z t ) p(y1 , y2 , . . . , yt , x1 , x2 , . . . , xt )
observation sequence x1 , x2 , . . . , xt , where Z t is a normalized
constant, the MAP estimation problem can be rewritten as
exp(max y1 ,y2 ,...,yt log(1/Z t ) p(y1 , y2 , . . . , yt , x1 , x2 , . . . , xt )).
Then, we can solve it with dynamic programming [34]. To be
specific, we shall write out the max operator in term of its
components by conditional independence
max

y1 ,y2 ,...,yt

log

1
p(y1 , y2 , . . . , yt , x1 , x2 , . . . , xt )
Zt

= − log Z t

+ max log p(xt |yt )
yt

+ max log p(yt |yt −1 ) + log p(xt −1 |yt −1 ) + . . .
yt−1

+ max log p(y3 |y2 ) + log p(x2 |y2 )
y2

+ max(log p(y1 ) + log p(y2 |y1 ) + log p(x1 |y1 )) .
y1

(3)
Then, we obtain the following dynamic programming algorithm,
which is also called max-sum algorithm [35]:
log f (yi )
⎧
i =1
⎪
⎨log p(y1 ),
{log f (yi−1 ) + log p(yi |yi−1 )
= max
y
⎪
⎩ i−1
+ log p(xi−1 |yi−1 )},
i = 2, 3, . . . , t
1
max
log
p(y1 , y2 , . . . , yt , x1 , x2 , . . . , xt )
y1 ,y2 ,...,yt
Zt
= max{log f (yt ) + log p(xt |yt ) − log Z t }.
yt

(2)

n=1

The inference problems of HMMs include MAP estimation and
marginal inference. By MAP estimation, we refer to the point estimation of the maximum of a posterior. Conversely, marginal inference
refers to inferring the posterior or conditional distribution over the
latent causes of observations, either exactly or in the sense of approximate Bayesian inference. Specifically, MAP estimation is to compute
p(y1 , y2 , . . . , yt |x1 , x2 , . . . , xt ), while marginal inferarg max
y1 ,y2 ,...,yt

ence is to compute y1 ,y2 ,...,yt−1 p(y1 , y2 , . . . , yt |x1 , x2 , . . . , xt ).

(4)

(5)

The definition of MAP estimation of HMM is an exponential function of max y1 ,y2 ,...,yt log(1/Z t ) p(y1 , y2 , . . . , yt , x1 , x2 , . . . , xt ),
which also can be rewritten into a dynamic equation. We have the
following theorem:
Theorem 1: Supposing that F1 (yt ) = f (yt ) p(xt |yt ) holds for
t = 1, 2, . . ., then max yt ((F1 (yt ))/Z t ) equals to the MAP estimation max y1 ,y2 ,...,yt p(y1 , y2 , . . . , yt |x1 , x2 , . . . , xt ) and satisfies the
following dynamic equation:
1

1

1

F1 (yt ) T = p(xt |yt ) T

1

F1 (yt −1 ) T p(yt |yt −1 ) T
yt−1

with T denoting the temperature parameter and tending to 0.

(6)

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 29, NO. 11, NOVEMBER 2018

and

Proof:
(5),

With the definition F1 (yt )
=
f (yt ) p(xt |yt )
=
it is evident that max((F1 (yt ))/Z t )
yt

max y1 ,y2 ,...,yt
p(y1 , y2 , . . . , yt |x1 , x2 , . . . , xt ). In order to
prove (6), we first rewrite (4) into dynamic equation. Based
on Nesterov’s smoothing strategy [26] max{a1 , a2 , . . . , an } ≤
T log{e(a1 /T ) + · · · + ean /T } ≤ max{a1 , a2 , . . . , an } + T log n,
the max operation can be approximated by the sum operation

Using the induction hypothesis that F3 (yi ) = ai F2 (yi ) (ai = 0),
where ai is a constant with respect to step i, we obtain the following
equation with (12):
F3 (yi+1 ) = p(xi+1 |yi+1 )

⎛

e

= p(xi+1 |yi+1 )

⎞
1

= T log ⎝

( f (yt −1 ) p(yt |yt −1 ) p(xt −1 |yt −1 )) T ⎠

(7)

yt−1

which is equivalent to
1

1

f (yt ) T =

( f (yt −1 ) p(yt |yt −1 ) p(xt −1 |yt −1 )) T .

(8)

yt−1

Another explanation for (8) is using infinity norm to represent
1
maximum norm. If we multiply p(xt |yt ) T for both sides of (8),
we obtain
f

1
(yt ) T

ai F2 (yi ) p(yi+1 |yi )
yi

= ai p(xi+1 |x1 , x2 , . . . , xi )F2 (yi+1 )
∝ F2 (yi+1 ).

log f (yt−1 )+log p(yt |yt−1 )+log p(x t−1 |yt−1 )
⎠
T

yt−1

F3 (yi ) p(yi+1 |yi )
yi

log f (yt ) = max(log f (yt −1 ) + log p(yt |yt −1 ) + log p(xt −1 |yt −1 ))
yt−1
⎞
⎛
≈ T log ⎝
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(13)

Note that p(xi+1 |x1 , x2 , . . . , xi ) is a constant as x1 , x2 , . . . , xi+1 are
known observation variables. By mathematical induction, F3 (yt ) ∝
F2 (yt ) holds for t ≥ 1. One canalso prove that F3 (yt ) =
p(yt , x1 , x2 , . . . , xt ). As Z t =
yt p(yt , x1 , x2 , . . . , xt ) =

yt F3 (yt ), the normalized constant Z t can be computed easily if a
neural network can compute F3 (yt ).
Theorem 2 shows that F3 (yt ) can also be used to implement
marginal inference of HMMs and p(yt |x1 , x2 , . . . , xt ) is the normalization of F3 (yt ). Compare the dynamic equation of F1 (yt ) and
F3 (yt ), we can unify them into one equation
1

1

1

F(yt ) T = p(xt |yt ) T

1

F(yt −1 ) T p(yt |yt −1 ) T .

(14)

yt−1

1
p(xt |yt ) T
1

1

= ( p(xt |yt )) T

( f (yt −1 ) p(yt |yt −1 ) p(xt −1 |yt −1 )) T .

(9)

yt−1

Equation (14) carries out marginal inference when T = 1 and MAP
estimation when T tends to 0.

Hence, from the definition F1 (yt ) = f (yt ) p(xt |yt ), we conclude that
1

1

1

F1 (yt ) T = p(xt |yt ) t

1

F1 (yt −1 ) T p(yt |yt −1 ) T .

(10)

yt−1

B. Implement Marginal Inference With Dynamic Equation
In this section, we formulate the marginal inference equation into
adynamic equation. The marginal probability p(yt |x1 , x2 , . . . , xt ) =
y1 ,y2 ,...,yt−1 p(y1 , y2 , . . . , yt |x1 , x2 , . . . , xt ) at time t can be computed with BP
p(yt |x1 , x2 , . . . , xt ) =

p(xt |yt )
p(xt |x1 , x2 , . . . , xt −1 )
p(yt −1 |x1 , x2 , . . . , xt −1 ) p(yt |yt −1 ).

·
yt−1

(11)
Supposing that F2 (yt ) = p(yt |x1 , x2 , . . . , xt ), we obtain
F2 (yt ) =

p(xt |yt )
F2 (yt −1 ) p(yt |yt −1 ).
p(xt |x1 , x2 , . . . , xt −1 ) y
t−1

(12)

Equation (12) differs from (6) in that a constant
p(xt |x1 , x2 , . . . , xt −1 ) is used at each time step to normalize
the probability. Rao [22] interprets that a form of global recurrent
inhibition may implement the normalization. In contrast to this
step-by-step normalization, we now show that normalization is only
required at the last step. The following theorem demonstrates why
this is the case:
Theorem
 2: Supposing that F3 (y1 ) = F2 (y1 ) and F3 (yt ) =
p(xt |yt ) yt−1 F3 (yt −1 ) p(yt |yt −1 ) for t > 1, then F3 (yt ) ∝ F2 (yt )
holds for t ≥ 1.
Proof: Here we prove it with mathematical induction. Obviously,
the statement is true for t = 1. Now we show that if F3 (yi ) ∝
F2 (yi ) (for some unspecified value of i), then also F3 (yi+1 ) ∝
F2 (yi+1 ) holds. This can be done as follows.

C. Unified MAP Estimation and Marginal Inference in Recurrent
Neural Networks
Here we build the relationship between inference equation of
HMMs and dynamic equation of RNNs. The dynamic equation (1)
can be rewritten into a discrete form


1
1
1
(15)
ut −1 + W It −1 + Mut −1
ut = 1 −
τ
τ
τ
or equivalently


1
1
u it = 1 −
u it −1 +
τ
τ

j

wi j It −1 +
j

1
τ

j

m i j u t −1

(16)

j

where u it denotes the membrane potential of the ith neuron at time
j
t, It −1 denotes input current to the j th neuron at time t − 1. wi j
and m i j are the elements in the ith row and j th column of matrix
W and M, respectively.
Then, we rewrite (14) in the log domain
1

1

1

log F(yt ) T = log p(xt |yt ) T + log

1

p(yt |yt −1 ) T F(yt −1 ) T ,
yt−1

(17)
that is,
1
log F(yt = y i ) T
1
= log p(xt |yt = y i ) T
1
1
p(yt = y i |yt −1 = y j ) T F(yt −1 = y j ) T

+ log

(18)

j

where yt

=

y i means random variable yt is in state y i .
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Fig. 3. (a) Example state sequence generated by the HMM. (b) Example observation sequence generated by the HMM.

Obviously, (18) is equivalent to (16) if
τ =1

(19)
1

u it = log F(yt = y i ) T ,

(20)
1

j

wi j It −1 = log p(xt |yt = y i ) T ,

(21)

j
1
1
p(yt = y i |yt −1 = y j ) T F(yt −1 = y j ) T .

j
m i j u t −1 = log
j

Fig. 4. (a) Performance of marginal inference. (b) Performance of MAP
estimation. (c) and (d) Absolute error and relative error of MAP value vary
with time and temperature.

j

(22)
Equation (20) shows that the neural membrane potential in RNNs
encodes the logarithm of the probability, which is possible and has
been proved by physiological experiments [19]. The temperature
parameter T represents a hyperparameter of RNNs that controls
the precision of probability distributions or beliefs. Mathematically,
it plays the same role as the precision or sensitivity parameters of
classical softmax response rules and related formulations for discrete
state spaces. If the feedforward weight matrix W is an identity matrix,
(21) means input current It −1 encode the logarithm of conditional
probability p(xt |yt ), that is, Iti−1 = (1/T ) log p(xt |yt = y i ).
Equation (22) uses a sum-of-logs to approximate a log-sum, which
holds true with the appropriate recurrent weight matrix M. Similar
to [22], we compute M with the standard pseudoinverse method. The
difference lies in that M is computed only with respect to F(yt −1 )
and F(yt −2 ).
IV. E XPERIMENTS

affects the performance of MAP estimation of the RNN, we plot
the KL divergence between the normalization of F1 (yt ) and the normalization of max y1 ,y2 ,...,yt−1 p(y1 , y2 , . . . , yt |x1 , x2 , . . . , xt ) with
respect to different temperature values [see Fig. 4(b)]. Note that
the use of a KL divergence to compare a point probability mass
from the MAP estimator with a probability distribution (F1 (yt )) is
a bit redundant. However, we use this KL measure for symmetry
with the evaluation of posterior inference. From Fig. 4(b), one
can find that the accuracy of MAP estimation improves as the
temperature decreases, the KL divergence is less than 1 × 10−4
when T = 0.05. In addition, we compute the absolute error and
relative error of MAP estimation max yt F1 (yt ) comparing with the
truth max y1 ,y2 ,...,yt p(y1 , y2 , . . . , yt |x1 , x2 , . . . , xt ). As illustrated
in Fig. 4(c) and (d), both the absolute error and relative error decrease
as the temperature T decreases. The absolute error is less than
2 × 10−4 and the relative error is less than 3% when T = 0.05.
Consequently, we conclude that the RNN can carry out near-optimal
and unified MAP estimation and marginal inference.

A. Synthetic Data
In order to test the accuracy of our method, we use the 20 data
points generated from a fifteen state HMM (shown in Fig. 3).
The initial distribution of p(y1 ) is created by randomly generating 15 numbers from a uniform distribution on [0, 1] and then
normalizing them. The transition matrix A is created by randomly
generating a square matrix of order 15 from a uniform distribution on
[0, 1] and then normalizing each row. With initial distribution p(y1 )
and transition matrix A, it is convenient to generate the 20 hidden
variables y1 , y2 , . . . , y20 [shown in Fig. 3(a)]. The observation data
xi (i = 1, 2, . . . , 20) are chosen from Gaussian distribution with mean
value yi and variance 1, which are indicated in Fig. 3(b).
Fig. 4(a) shows the performance of marginal inference with the
corresponding RNN. Here we plot the Kullback–Leibler (KL) divergence between the normalization of F3 (yt ) and the actual distribution
p(yt |x1 , x2 , . . . , xt ) with respect to time. It is observed that the
KL divergence is less than 3 × 10−16 , which implies the marginal
inference of the RNN is near-optimal. Note that since the values
of KL divergence are rather small, which induce numerical artifacts
with some rather small negative values, the KL values plotted here
are truncated to nonnegative. To see how temperature parameter

B. Visual Orientation Estimation
Next we investigated whether the unified inference framework
can be scale up to the biologically more realistic task. To do so,
we applied the framework outlined above to a visual discrimination
task, which is to estimate stimulus orientation from a sequence of
noisy images containing an oriented stimulus [shown in Fig. 5(a)].
This process can be modeled by a HMM and the orientation estimation problem is equivalent to computing the posterior probability or MAP estimation of the HMM given observation variables (noisy
images). To be specific, the hidden variable yt contains 18 states, each
of which represents one orientation (0 to 180 in 10 degree step).
As the stimulus orientation is fixed during each trial, the transition
probability matrix p(yt +1 |yt ) is an identity matrix. Similar to [22],
the likelihoods equal the convolution of the image with a set of
oriented gabor filters G(y i ) [shown in Fig. 5(b)]


p xt |yti = a
(G(y i ) ∗ xt )m,n
(23)
m,n

where (.)m,n represents the element in mth row and nth column, a
is a small constant that keeps p(xt |yti ) smaller than 1.
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relationship between this dynamic equation and that of RNNs.
Theoretical analysis and experimental results show that both MAP
estimation and marginal inference of HMMs can be carried out accurately by the same RNN. It remains future work to generalize these
results to other important probabilistic graphical models. Besides,
the question of how to relate this model to biological data requires
considerable future work.
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Fig. 6.
(a) Distribution of marginal inference change with respect to
time. (b) Distribution of MAP estimation change with respect to time.
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